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Abstract : Randomized algorithms have proven to perform well on a large class of numerical linear
algebra problems. Their theoretical analysis is critical to provide guarantees on their behaviour, and in
this sense, the stochastic analysis of the randomized low-rank approximation error plays a central role.
Indeed, several randomized methods for the approximation of dominant eigen- or singular modes can
be rewritten as low-rank approximation methods. However, despite the large variety of algorithms,
the existing theoretical frameworks for their analysis rely on a specific structure for the covariance
matrix that is not adapted to all the algorithms. We propose a general framework for the stochastic
analysis of the low-rank approximation error in Frobenius norm for centered and non-standard Gaussian
matrices. Under minimal assumptions on the covariance matrix, we derive accurate bounds both in
expectation and probability. Our bounds have clear interpretations that enable us to derive properties
and motivate practical choices for the covariance matrix resulting in efficient low-rank approximation
algorithms. The most commonly used bounds in the literature have been demonstrated as a specific
instance of the bounds proposed here, with the additional contribution of being tighter. Numerical
experiments related to data assimilation further illustrate that exploiting the problem structure to
select the covariance matrix improves the performance as suggested by our bounds.

Keywords : Low-rank approximation methods, randomized algorithms, Singular Value Decomposi-
tion, non-standard Gaussian error analysis, data assimilation

Acknowledgements: This work was funded by ISAE-SUPAERO, France.
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1 Introduction
Let A € R™*™ be an arbitrary real matrix and consider the following minimization problem,

Ben]%i"{lMHA —B|| subject to rank(B) =k < min{m,n}, (1)
where ||-||» denotes the Frobenius norm. This problem, referred to as the low-rank approzimation
problem, is a key ingredient in numerous applications in data analysis and scientific computing includ-
ing principal component analysis [23], data compression [19] and approximation algorithms for partial
differential and integral equations [13], to name a few. Its solution [7] is obtained from the order k
truncated singular value decomposition (SVD) of A.

Let U € R™*™ and V € R™*" be the real orthogonal matrices containing the left and right singular
vectors of A respectively, and X = diag(o1, ..., Omin{m,n}) € R™*" the matrix containing the singular
values of A with the convention oy > -+ > Opingm,n)- For a given integer & < min {m,n}, we consider
the following partitioning of the SVD of A,

I/

A:[U,c Uk} s, [Vk vkr’ (2)

where U, € R™*F U, € Rm*(m=k) v, ¢ R"*k V, e Rk 3, c RF*k and ), € R(m—k)x(n—k)
Defining Ay = UkEkV,;r and Ay = ﬁkikvz, one can rewrite A = Ay, + A where the matrix Ay is
precisely the solution of (1). The corresponding optimal value reads |A — Ag| p = HikH .

F

The matrix Ay can be computed with any SVD algorithm enabling a truncation mechanism |8,
Section 9.6]. However, for large-scale problems, the classical approaches become prohibitively expensive
or are even inapplicable if A is not stored explicitly. In these situations, one is rather interested in
computing Kk, a reasonably accurate approximation of Ay, which is typically expected to be optimal
up to a small factor € > 0, that is, Kk satisfies,

AR <+e)a- A,

Over the past decade, randomized algorithms for computing such approximations have been pro-
posed. Following [30], the authors in [14] proposed an efficient algorithm now widely known as the
Randomized SVD (RSVD) algorithm. Noticing that Ay, = U, U] A = 7(Uj,)A, the RSVD computes
a low-rank approximation of A using a randomized procedure for estimating R(Uy), where R(:) de-
notes the column space. Several so-called randomized range-finder algorithms have been proposed
and studied in the literature like the randomized subspace iteration method [23] or the randomized
(block) Krylov subspace methods [21, 28, 31]. Regardless of the range-finder method, the RSVD can
be theoretically analyzed by studying the following quantity

[T = 7(Z)]A| . (3)

where Z € R™** is a random matrix satisfying £ > k assumed to be ideally such that R(Z) approxi-
mates R(Uy).

In this manuscript, we will focus on the randomized subspace iteration method which is the most
commonly used method to approximate the dominant singular modes (and sometimes the only prac-
ticable one). The theoretical analysis of the RSVD based on the randomized subspace iteration has
first been proposed in [14], where the authors have derived bounds for (3) both in expectation and
in probability. Their analysis in Frobenius norm was limited to the case where Z = AG with G a
matrix whose columns are independently sampled from a n-variate standard Gaussian distribution. In
a subsequent study, the author in [12] extended the analysis to the full randomized subspace iteration
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and provided error bounds when Z = (AAT)?AG with ¢ > 0. More recently, the authors in [2] have
proposed a generalization of the RSVD to the infinite-dimensional case, where A is replaced by a linear
differential operator. From their theoretical analysis in the infinite-dimensional setting, they were able
to propose error bounds [1] for (3) in the more general setting where Z = AG’ and the columns of G’
are non-standard Gaussian vectors with covariance matrix C € R™"*". Their approach showed that a
relevant choice for C could improve the performance.

In its generality, for randomized low-rank approximation, a structure is imposed to Z, namely
Z = f(A) G, where f is a function in A and G a Gaussian matrix whose columns are sampled from
a Gaussian distribution with zero mean and covariance matrix C. Here, the columns z; = f(A)g; of
Z also follow a Gaussian distribution with zero mean and covariance matrix

K=E|/(A)gg] [(A)T| = [(AE g | /(A)T = f(A)CFA)T. (4)

Consequently, the stochastic analysis of (3) is determined by the covariance matrix K of z;, and
existing results all rely on particular structures for K.

Beyond the RSVD, various randomized algorithms were proposed to address more elaborated eigen-
value and singular value problems. In [24, 27], the authors proposed methods to compute dominant
eigenpairs of generalized Hermitian eigenvalue problems, while in [25], algorithms for computing trun-
cated generalized singular value decomposition [29] were derived. Considering the appropriate matrices
A and Z, these algorithms all try, by design, to minimize a quantity of the form (3). However, their
theoretical analysis cannot rely on the existing frameworks because the resulting covariance matrix of
Z has a structure that differs from (4). In this regard, the analysis proposed by the authors was, if
not incomplete, at least not entirely satisfying. This is for instance the case in [26], where no analysis
in expectation are provided and only one algorithm out of three has an analysis in probability. Filling
this gap in the literature is our main motivation.

We propose a stochastic analysis of the low-rank approximation error (3) which holds for any
matrix Z whose columns are independently sampled from a multivariate Gaussian distribution with
zero mean and covariance matrix K. In particular, we do not assume any particular structure for K.
The proposed expectation and probability bounds allow one to obtain key properties of the covariance
matrix K resulting in improved performance. This analysis can then be used to increase the efficiency of
the current algorithms in learning the matrix A. The main advantage of our general framework is that
it allows us to analyze any randomized algorithms that can be rewritten as a low-rank approximation
problem. In addition, all the prior results can be recovered by using our general framework unifying a
large variety of error analyses.

The outline is the following. We first introduce key background material that will be helpful
throughout the manuscript in Section 2. Section 3 details our main result on the general error analysis
stated in Theorem 3.1. Section 3.1 illustrates our proposed analysis in three practical contexts: the
classical power iteration scheme, the generalized RSVD [1] and the case where the covariance matrix
is constructed out of a priori information. For the first two contexts, a comparison of our bounds with
the ones from [12] and [1] is proposed. In Section 4, we propose numerical illustrations on a data
assimilation problem [5, 18] and show that exploiting the particular structure of the problem to define
the covariance matrix K improves the performance of the RSVD.

2 Preliminaries
In this section, we recall well-known key results and definitions from the literature.

Submuiltiplicativity Let |||, and ||-||» denote the spectral and the Frobenius norm respectively. The
strong submultiplicativity property [15, Relation (B.7)] reads

VM e R NeR™, |[MN|p <[M]|p[N],. (5)
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Partial ordering on the set of symmetric matrices Let M € R™*™ N € R™*™ be two symmetric
matrices. The notation M < N means that N — M is positive semi-definite. This relation defines
a partial ordering on the set of symmetric matrices [16, Section 7.7]. An important property [16,
Theorem 7.7.2] is that the partial ordering is preserved under the conjugation rule, i.e.,

M<N = Q'MQ=<Q'NQ, VQeR™n", (6)

We note that as a consequence of [16, Corollary 7.7.4(c)], the trace is monotonic with respect to the
partial ordering, i.e.,
MxN = tr(M)<tr(N). (7)

Projection matrices Suppose that M € R™*™ has full column rank with column range space denoted
by R(M). We denote by M the left multiplicative inverse of M, i.e., the Moore-Penrose inverse of
M, see, e.g., [16]. The orthogonal projection on R(M) is then given by m(M) = MMT, in particular,
one has R(mr(M)) = R(M).

Sherman-Morrison formula Let M € R™*"™ and N € R"*™ such that I, + NM is non-singular.
Then, I,, + MN is also non-singular and one has [9, Section 2.1.4],

(I, + MN) ! =1, - M(I, + NM)"'N. (8)

Principal angles between subspaces Let M, N C R™ be two k-dimensional subspaces, and M, N €
R™** be two associated matrices with orthogonal columns satisfying R(M) = M and R(N) = N
respectively. If o;(+) denotes the i-th largest singular value of a given matrix, then the principal angles
between M and N, denoted by 61, ..., 0 are defined as follow [17],

6; = arccos(o;(M'N)), 1<i<Ek.
Further details on this notion can be found in [22].

Tangent matrix of the principal angles Let [ M, M| € R"*" be an orthogonal matrix with M € R™?**,
and N € R"™* a full column rank matrix. Then the following singular value decomposition [32,
Theorem 3.1] yields

tan (M, N) = M' N(M'N)' = Udiag (tan(6y), ..., tan(64)) V', 9)

where U € R("=¥)*k hag orthonormal columns, V € R¥** is orthogonal and scalars 61, ..., 6 are the
principal angles between R(M) and R(N).

3 General randomized low-rank approximation error bounds

A generalized RSVD is given in Algorithm 1. In the first stage, one searches for an approximation
of R(A) by sampling A on ¢ independently drawn Gaussian vectors with zero mean and covariance
matrix K. From a practical viewpoint, if a factorization K = LTL is available, then drawing the
columns of Z reduces to compute Z = L2, where the columns of © are standard Gaussian vectors.
The second stage extracts the low-rank approximation of A from the orthonormal basis Q of R(Z).

We provide the general stochastic analysis of Algorithm 1 in Theorem 3.1 This theorem, which
is our main contribution, extends the randomized low-rank approximation error analysis to a general
covariance matrix K, i.e. without assuming any specific structure. As will be shown in Section 3.1,
our result unifies several existing error analysis bounds provided in the literature. For the sake of
readability, we postpone the proof to Appendix A.
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Algorithm 1: A general randomized singular value decomposition framework.

Input: Matrix A € R™*" number of samples 1 < £ < rank(A), target rank 1 < k < £ to provide, covariance
matrix K € R™*™,
// Stage 1: Randomized range-finder
1 Draw Z € R™*¢ whose columns are centered Gaussian with covariance matrix K.
2 Perform the thin QR factorization Z = QR.

// Stage 2: Low-rank approximation
s Compute Y = QTA.
4 Perform the order k truncated SVD of Y, ie. Y = ka]k\Af]:
5 Compute IAJk = QUy.

Output: Matrices ﬁk € Rm*k, ﬁk € RFXk and Vk € R™"*k guch that A ~ ﬁkik{/;

Theorem 3.1. Let A € R™*™ be an arbitrary matrix and Z € R™*¢ be a matrix whose columns
are independently sampled from a multivariate Gaussian distribution with covariance matrix K €
R™>™ such that ¢ < min(rank(A), rank(K)). Let us further consider A = UXV T, the singular value
decomposition of A, and the related matrices Uy, 3) and X}, as given by (2).

For any integer k < £ — 2, if K; = UkTKUk is non-singular, then one has

E (|| - x(@)A], ] < (1—|—Tk(K)2+£ k_1> 1=

Moreover, if k < £ — 4, then for all u,t > 1,

L. — =(Z)]A]|,, < (1+m< )+ Vaut %)szuﬁ

holds with probability at least 1 — e~v/2 _4=(=k) with
_ [[tan(Us, KUy) zkHF
=,

Tk(

tr(Z7K; 1)

(K) = |, —ri UKt | o=
=],

Theorem 3.1 states that the deviation from the optimal error of the randomized low-rank approxi-
mation is monitored by two coefficients 71, (K) and pi(K), respectively. The error is optimal whenever
they both equal zero. The first one depends on the tangent of the principal angles (9) between R(Uy,)
and R(KUy). Consequently, 74 (K) will be small when the principal angles are small, that is when
R(Uy) is close to R(KUy). This suggests to choose K so that R(Uy) is an approximate invariant
subspace under the action of K. The second coefficient pi(K) depends on two quantities. The term

[, — m(K2U,)|K?

tity is small if R(KzUy) is close to R(K?), and the minimum value is reached whenever R(KzUy)
is equal to the dominant eigenspace of K.

- is the low-rank approximation error of K2 induced by R(K2Uy). This quan-

For the second term, one observes that

1
Pl ‘Ol I )
tr (SE) < g 15 (10)
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This term can thus be arbitrarily small when the eigenvalues of Ky, (or equivalently 7(Uj)K) are large.

Altogether, Theorem 3.1 highlights the main property that K must satisfy in order to obtain an
efficient low-rank approximation: R(Uy) should be well aligned with the dominant eigenspace of K.
Consequently, choosing the matrix K such that

K = U,AU;, (11)

with A € RFXF a symmetric positive definite matrix, leads to optimal values for the first error term
71 (K) and the first coefficient of the second error term pi(K) for any choice of A. Note that, with the
choice of the K matrix (11), the bound (10) depends on the choice of A, i.e. Apin(Kg) = Amin (A).

In practice, since Uy, is precisely the quantity that needs to be determined, the choice of the matrix
K expressed by (11) is irrelevant. Instead, one rathers consider K = AA T as in the RSVD algorithm.
Observing that AAT = AkA,I +Xsz and that AkA,;'— = UkEiU; is precisely of the form (11), then
the RSVD is particularly efficient if AAT ~ Ay A[, that is whenever XkKZ is negligible compared to
A, Al We recover here a property well documented in the randomized linear algebra literature, that
is Algorithm 1 is expected to perform well when the tail of the singular value distribution is negligible
compared to the first k singular values. Further discussions on practical choices for K are proposed in
Section 3.1.

3.1 Particular choices for the covariance matrix

In this section, we particularize Theorem 3.1 for certain covariance matrices. As we will show, sev-
eral prior bounds, that have been independently derived, can be recovered from Theorem 3.1. In
Section 3.1.1, we first address the power iteration scheme, where we can compare our bounds to the
ones proposed in [12]. Secondly, in Section 3.1.2 we propose an analysis of the Generalized RSVD
introduced in [1]. Finally, in Section 3.1.3, we discuss relevant cases where the covariance matrix is
constructed using available a priori information.

3.1.1 The power iteration scheme

The power iteration scheme considers Z = f(A)G with f(A) = A(ATA)Y, ¢ > 0 and G being a
matrix whose columns are independently sampled from a standard multivariate Gaussian distribution.
Equivalently, one considers a matrix Z with columns sampled from a centered multivariate Gaussian
distribution with covariance matrix K®) = f(A)f(A)T = A(ATA)??AT. Exploiting this structure
in Theorem 3.1 yields the following corollary.

Corollary 3.2. Let A € R™*" be an arbitrary matrix, G € R™*¢ a matrix whose columns are indepen-
dently sampled from a standard multivariate Gaussian distribution with covariance matrix such that
¢ < rank(A), and Z = A(ATA)qG with ¢ > 0. Let us further consider o1 > --- > o, the singular
values of A and the matrix Xy as given by (2).

For any integer k < £ — 2, one has

= [l - sial] < (14 (22) " ) 5],

Moreover, if k < £ — 4, then for all u,t > 1,

I, — (z)]A| - < <1 +V3ut <"§:1>“ \ /H’“H> = -

holds with probability at least 1 — e~ /2 _p=(t=k),
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Proof. Let us first define the covariance matrix K(®) of the columns of Z:
K® = A(ATA)2AT
=UxE'p)uxs’u’
= U SH?U] £ 033, )2 T,
From this, it readily follows that U] KU, = Eiq“ which is non-singular since k¥ < ¢ < rank(A)

by assumption, and Theorem 3.1 can be applied. To compute the two coefficients, let us first observe
that KPU, = U, 2972, that is R(K(P)Uy) = R(U}). One thus deduces that

tan(U, KP)U,) = 0.

Then, one has

2

F

Altogether one obtains

T =T
A (KP) =0 wd (K<p>>’2k2qu
k

Applying the strong submultiplicativity (5) and using norm equivalence yields H(EZE;C)QEICTH <
F

29 ||§Y —2q
i [B ] ana

< \/Ea,fq respectively, from which we finally obtain
F

e (k0) < VB (%) 0

Ok

If ¢ = 0, we recover the expectation bound proposed in [14, Theorem 10.5]. For easier comparison of
the bounds in probability, we recall [14, Theorem 10.7] which states that under the same assumptions
as Corollary 3.2, then

| 3k - eVl

holds with probability at least 1—e~%"/2 —2t=(=%) where k < £—4 and u,t > 1. Our bound is almost
identical to the first term in kaHF except for the extra factor u. However, since our bound does not

have the second term in oj41, then for reasonably small values of u (e.g. 2 or 3) one can expect our
probability bound to have comparable accuracy.

For ¢ > 1, we recover the convergence property of the power iteration scheme, i.e. the error
approaches the optimal value as (o%11/0%)?? — 0. For comparison, using the property that v/1 + z <
1+ /x for z > 0, Theorem 5.7 in [12] provides the following upper bound for p > 2:
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E L. - m(Z)A]|

2q
de v/l —
< |1 va ()" 2V [ vier] | s
Ok E*k%‘l HEkH F
F

This bound is similar to our bound except for the multiplying factor

e=1e ViYL [V g vy 7] (it
okt =,

Since Hik H < ok+1 vVn — k from classical norm equivalence, and both £ > ¢ —k —1 and / — k > 2 by
F
assumption, it yields
4
c> ; (—k—1).

This suggests that Corollary 3.2 provides tighter bounds than the ones proposed in [12], especially
when the oversampling ¢ — k is large. Nevertheless, the refinement might not be significant and only
illustrates that bounds from [12] are slightly over-pessimistic.

3.1.2 The generalized RSVD

Let us now consider Z = f(A)G’ with f(A) = A and, G’ is a matrix whose columns are independently
sampled from a multivariate Gaussian distribution with covariance matrix C € R"*". Again, this can
be alternatively viewed as drawing the columns of Z from a centered multivariate Gaussian distribution
with covariance matrix K® = ACAT. This configuration has been for instance studied in [1],
to improve the accuracy of low-rank approximations of differential operators. Lemma 3.3 provides
simplified forms for both 7, (K(®)) and pj(K(®)).

Lemma 3.3. Let A € R™*" be an arbitrary matrix, G € R™*¢ a matrix whose columns are inde-

pendently sampled from a multivariate Gaussian distribution with covariance matrix C € R™*"™ such
that £ < rank(A), and Z = AG € R™*¢, Let us further consider A = UXV T, the singular value
decomposition of A, and the related matrices V; and Xy as given by (2).

For any integer k < ¢ — 2, one has

Hik tan(Vk, CVk)H
Tk (K(g)> = Hi F
zk‘

)

F
tr(V] CVy) 1)

=]
F

)

and  pg (K(g)> :‘

L, fﬁ(cévk)]c%ATHF

where K(® = ACAT is the covariance matrix of the columns of Z. The coefficients 73 (-) and pg(-)
are defined in Theorem 3.1.

Proof. The standard properties of Gaussian vectors yield K& = ACAT, from which we obtain
U'K®Uu=xv'cvz'.
Straightforward algebraic manipulations then yield
tan(Uy, K®U,)E, = U, KOU,L(UKEU,) 'S,
=5V, CVi (V] CV,) !
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= fk tan(Vk, CVk)

Likewise, one gets

[t~ (K@ UK =

[K®)]2 L, — r([K®)]2 Uk)][K(g)]%)

K®[1 m([K®)2 Uk)])

=tr

(i

= tr (KL, — (K] 0,))
(
(

ACH | —4rCVQ]C%AT)
2

~ . - mctvorctaT|

where we have used the circular invariance of the trace and the properties of projectors. Finally,

observing that Kj = EkV;—CVkEk concludes the proof. O

The structure of 7,(K®)) and pj,(K(®)) resembles the general form stated in Theorem 3.1. As a
consequence, one can readily draw similar conclusions: C must be chosen so that Vj approximates
its dominant eigenspace. For instance C = Ak A = VkEQV , although this is not practical since
matrices Ax, Vi and ¥ may not be available.

Let us now use Lemma 3.3 and Theorem 3.1 to provide bounds comparable to [1].

Corollary 3.4. Let A € R™*" be an arbitrary matrix, G € R”*¢ a matrix whose columns are inde-
pendently sampled from a multivariate Gaussian distribution with covariance matrix C € R™*"™ such
that £ < rank(A), and Z = AG € R™**. Let further A = UXV T be the singular value decomposition
of A, and the related matrices Vi and Xy, as given by (2).

For any integer k < £ — 2, if V,;'—CV;C is non-singular, then one has

© jn, - sl | < (14 VFF [t 29 s,

Moreover, if k < £ — 4, then for all u,t > 1,

I - w(@1al, < (18 (EFrT 1) [ 2O s

holds with probability at least 1 — e~v/2 _p=(t=k),
Here,
tr (i{ikv,j cvk) %
d C) = .
and (€)= SETw (vieve )

Pr(C) = —
o [

Proof. Let us denote K& = ACAT the covariance matrix of Z. First, one has U/ K®U; =
EkV;CVkEk which is non-singular since both V,;FCVk and ¥ are non-singular by assumption, so
Theorem 3.1 can be applied. Using the submultiplicativity of the Frobenius norm along with (9), we
have

v, oval | <[mivicviviovi
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T T L2 L 2
gHzZEkVZCE FHC@V,C(V,ICV,C)*HF

=t (SISVI V) o ((Vevy) )

2 Bk(C)
i ’yk(C)'

==

Thus,

HZktan(Vk,CVk)HF<\/E Bi(C)

Tk (K(g)) — kaHF 'yl,:(C)

Then, let us use the following fact which will be proved in Appendix A, namely

|5 — w0 |

L= (ﬁZK@)ﬁk - ﬁgK(g)UnglUgK(g)ﬁk) .

—T —
Since Uy, K(g)UnglU;ch(g)Uk is symmetric positive semi-definite, one has,

2 _ J—
H[Im —n([KOPFU K| <t (UkTK(g)Uk)

—tr (fkvz cvki,j)
—tr (i[ikvgcvk) .

Altogether, this yields

Br(C)

7k(C)
Plugging these inequalities in Theorem 3.1 and using that +/1+x < 1+ /z for all z > 0 end the
proof. O

Corollary 3.4 provides bounds similar to the ones in [1]. There is nonetheless a difference that is
worth pointing out. The probability and expectation bounds in [1], stated respectively in Theorem
2 and Proposition 6, predict a deviation from the optimal characterized by a form of O(k) where k
represents the target rank. On the contrary, Corollary 3.4 exhibits bounds for the low-rank approxi-
mation error with deviation from the optimal of the form O(v/k). This shows that the influence of the
target rank k is not as penalizing as the bounds in [1] would suggest.

3.1.3 K as a low-rank matrix update

We focus on exploring the potential benefits of incorporating an available approximate SVD within
the covariance matrix to enhance the achievable bounds.

Let U, € R™*F be an approximation of Uy satisfying ﬁ;—ﬁk = I, and S = diag(61, ...,0%) an
approximation of 3. In this case, Theorem 3.1 suggests to consider a covariance matrix of the form

Ka’g = aﬁkgiﬁ;— + 5(:[” — 6kﬁ]—€|—),

witha >0and 0 < 8 < ac}i. Therefore, the columns of ﬁk are eigenvectors of K, g associated with
eigenvalues a7, ..., a&,%, and the orthogonal of R(ﬁk) is an eigenspace associated with the eigenvalue
B. Note that the bounds in Theorem 3.1 are invariant under scalar multiplication of the covariance
matrix. Therefore, one can consider either K, /31 or K; g/, depending on the most convenient form.
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The parameters a and 3 play the roles of relative weights, allowing to balance the confidence in
the approximation Uk If 5 =0, then K, ¢ is a rank & matrix such that R(Kq,ocUy) = R(Uk) which
trivially yields

Htan(Uk, ﬁk)EkH

=]
F

T (Ka0) = and prp(Kao) =0.

In this configuration, the low-rank approximation error is only governed by how ﬁk accurately ap-
proximates Uy. We note that using K = K, ¢ in Algorithm 1 yields a deterministic algorithm since
rank(Ka.0) = k < £ so that Z € R™** drawn with covariance matrix K, o satisfies R(Z) = R(Ka0) =
R(U}) with probability one.

Considering 3 > 0, the columns of Z will have components both in R(ﬁk) and its orthogonal
complement. Since Uy, is approximated by Uk, it also has non-zero intersection both with R(Uk)
and its orthogonal. Consequently, if Uk is a poor approximation, then the orthogonal of R(Uk) still
contains relevant information regarding Uy, and § should be taken as large as possible to ensure the
random exploration of the remaining space. Conversely, if ﬁk is an accurate approximation of Uy,
then one should choose a small (non-zero) value for 8 so that the columns of Z are mostly aligned with
R(Uyg).

Alternatively, considering \A/'k € R™ ¥ an approximation of Vy, one can also define the matrix,
C&,ﬁ = a\Afkf)i\Af,I + ﬂ(In - \A/'k\A/'kT),

and consider the covariance matrix K, 3 = AC, sA . The same analysis can be performed, replacing
Uy by Vi in the arguments.

4 Numerical experiments

In recent years, randomized SVD has a received considerable attention from the field of data as-
similation (DA) [4, 3, 6]. DA is an intensive field of research, with various applications in Earth
system modelling, for instance, numerical weather forecast, and oceanography, to name a few. DA is
a methodology used to estimate the physical state of a dynamical system by using different sources
of information taking into consideration their uncertainties. For our numerical experiments, we use
a three-dimensional variational data assimilation formulation. In this approach, we solve a weighted
nonlinear least-squares problem for a fixed time:

min f(x) ny HE) s + 5 IIX—Xbllfg—u (12)
where x € R” is the state of a dynamical system, for instance temperature, y € R™ is a vector
consisting of observations, and x; € R"™ is a priori information. The operator H : R — R™ is the
nonlinear observation operator mapping the state vector from the model space to the observation
space. B € R™*™ and R € R™*™ represent the error covariance matrices of a priori information and
observations respectively.

A common approach for solving (12) is the truncated Gauss-Newton method [10]. This method
relies on the linearization of the nonlinear observation operator around the current iterate x;, which
results in a weighted linear least-squares sub-problem whose solution can be obtained by solving a
preconditioned linear system:

(I, + LH/ R "H;L)év; = —Lb;, (13)

where L € R™*™ is a symmetric square-root factorization of B used as a preconditioner, H; € R™*"
is the Jacobian matrix of the observation operator at the current iterate, §v; = Lox; is the increment
(search direction) in the preconditioned space, and b; is the gradient of the nonlinear cost function (12)
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calculated at the current iterate. The linear system (13) consisting of the symmetric positive definite
matrix,

AY =1, +LH/R'H,;L (14)

can then be solved by using an iterative method such as the preconditioned conjugate gradients method
(PCG). While performing PCG for costly matrix-vector products with A like in numerical weather
forecast, it is crucial to use an efficient second-level preconditioner like limited memory precondi-
tioner [11] (LMP) to accelerate the convergence within the Gauss-Newton process. As an alternative
to LMPs which obtain spectral information based on the matrix AU~1  one can obtain a second-

level preconditioner based on the spectral information of the current matrix AU) by using randomized
SVD [27].

In our numerical experiments, we then aim to approximate the eigenspectrum of the symmetric
positive definite matrix A*) by using randomized SVD based on non-standard Gaussian sample ma-
trices for the first Gauss-Newton iteration k = 1. For simplicity, we will use A referring to A(). The
error covariance matrix B is obtained from the discretization of the diffusion operator on a regular
grid, H is chosen as a selection operator (H is a linear operator), and R = or I, with og > 0 being
the standard deviation. The matrix of interest defined in (14) is a rank m update of the identity.
Consequently, the number of observations m has a critical influence on the eigenvalue distribution,
i.e. for n > m there are n — m eigenvalues equal to 1. The eigenvalues of A also have a strongly
decaying spectrum as shown in Figure 1 which is a property in favour of the randomized SVD. We
choose n = 1000, and we consider two different scenarios, with a different number of observations:
LowObs for m = 200, and HighObs for m = 500.

Spectrum of A.

1055 —6— Low0bs
—B— HighObs

—_

(==}
r S
L

Magnitude.

200 400 600 800 1000
Index of eigenvalue.

Figure 1: Eigenvalue distribution of A in the LowObs and HighObs scenarios.

4.1 Accuracy of the error bounds

In this section, we analyze the accuracy of the bounds in Theorem 3.1 for a particular choice of
the covariance matrix K. Note that the dominant eigenvectors of A correspond to the dominant
eigenvectors of W, expressed as W = LH;FR_IHJ»L7 with its rank equal to m < n. Using the SVD,
LH;rR_l/2 = SmA},{2F£, where S,,, € R**™ A, € R™*™ and F,,, € R"*™, the eigenspectrum of W
is then represented as W = S,,,A,,,S;" . As a result, S,,, represents the eigenvectors of A corresponding
to the m largest eigenvalues. Leveraging Theorem 3.1°s results, we can improve the performance of
Algorithm 1 by choosing the covariance matrix K = AS;STA, with k& < m being the target rank.
Since Sy, is not readily available and is indeed the quantity of interest, we select K = AL?A = ABA.
Note that W is in the image of the matrix L (this remark is further investigated in Section 4.2). When
H is an identity matrix, i.e. m =n, R(L) = R(S;,). In the numerical experiments, H is chosen as a
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selection operator. In this case, R(S;,) = R(Ly,) where L,, € R™*™ is a submatrix of L with its m
columns selected through the matrix H. Therefore, the performance of Algorithm 1 will be improved
with the choice of K = ABA, whenever the subspace spanned by the k-th leading eigenvectors of L
gets closer to the range of Sy.

We apply Algorithm 1 with Z = ALG, G being a matrix whose columns are independently drawn
from a standard multivariate Gaussian distribution. We compare the bounds to the empirical mean of
the randomized low-rank approximation error computed out of 20 independent runs of Algorithm 1.
For the comparison, we plot the quantity

[T — 7 (Z)]A|

— - ]-7
=
F

which is as close as zero as the low-rank approximation error is close to the optimal value ka H . The
F

coefficients v and ¢t in Theorem 3.1 are obtained so that the probability of failure is strictly less than
1073,

Figure 2 shows the low-rank approximation error with respect to the target rank k, for a fixed
oversampling parameter p = £ — k = 10. Here, the bounds in expectation follow the empirical mean
error trend, by a multiplicative factor of approximately 10. On Figure 2a however, the bound diverges
after k = 200 (= m). This behaviour illustrates that the use of B in the covariance matrix K
may positively influence the low-rank approximation error as long as the target rank is smaller than
rank(LHjTRlejL) = m. When k > m, the algorithm is expected to produce approximations of
eigenvectors associated with the cluster of eigenvalues at 1, which are no longer in the image of L, thus
explaining why the bound diverges. This problem is not noticeable in Figure 2b since m is equal to
500 in this scenario and k is at most 300. However, it is worth noting that the bounds diverge while
the empirical error still decreases, highlighting that the bounds may overestimate the error in certain
circumstances.

These considerations also apply to the probability bounds whose trends follow the expectation
bounds. Given the small empirical standard deviation observed (grey halo around the empirical error),
it is clear that the probability bounds severely overestimate the error by a factor of at least 102.

LowObs scenario HighQObs scenario
= = A = ot = N = S W
o =

1
1

—

=
T
.

1010

10714

H[Im 4_71'(Z) AHF
13| 7

L, — m(Z)]Alr
13|

g 1 . g .
5 i —— Expectation bound 5 —©— Expectation bound
. -2 4
£ ys] —— Probability bound (107%) 2 10 —— Probability bound (1073)
=l =
= . = .
g —— Empirical error E —— Empirical error
10~ . . . . r 1073 r r r . .
50 100 150 200 250 300 50 100 150 200 250 300
Target rank k Target rank k&
a LowObs: m = 200. b HighObs: m = 500.

Figure 2: Bounds for the low-rank approximation error versus the target rank k. The empirical data have been computed
with p = 10.

Figure 3 shows the behaviour of the bounds with respect to the oversampling parameter p = ¢ — k
for a fixed value of the target rank k (k = 20). We observe no significant differences between the
Low0Obs and HighObs scenarios. The bounds in expectation and in probability both predict a decrease
rate of the error as O(1/,/p), but visibly fail to capture the true decrease rate.
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) Low0Obs scenario , HighObs scenario
— e — e
| B—— B S . | N B P ——
& &
< 1006}\6_\6\6\9‘ < wog\e\e\e*
S = SE
TR 07 S 10
- —
=l 944 = 1044
o s .
5 —©— Expectation bound 5 —©— Expectation bound
2 10°°1 —— Probability bound (10%) 2 107°4 —3— Probability bound (10~3)
é —— Empirical error Eﬁ —— Empirical error
20 10 60 80 100 20 10 60 80 100
Oversampling p = ¢ — k with k = 20 Oversampling p = ¢ — k with k = 20
a LowObs: m = 200. b HighObs: m = 500.

Figure 3: Bounds for the low-rank approximation error versus the oversampling parameter p = ¢ — k. The empirical data
have been computed with £ = 20.

Finally, we propose in Figure 4 a comparison of the bounds from [1] in the HighObs scenario.
This is meant to illustrate the discussion in Section 3.1.2, where we proposed alternative bounds to
analyse the Generalized RSVD algorithm. We observe here that the bounds derived from Theorem 3.1
actually refine the ones from [1]. The impact of the extra v/k factor can be seen in Figure 4a, where
the refinement brought by Theorem 3.1 is greater for large values of k: e.g. in expectation, the
improvement is approximately equal to a factor of 10 for small values of k, and up to almost 100 for
larger values of k. The decrease rate of the error with respect to the oversampling parameter, shown
in Figure 4b, is also impacted.

HighObs scenario HighObS scenario
— — 2%~
1024 == B T R e . » e
b ge2d LA‘ s -: - ” i
&, —F——
— — = —— f =
= 10! =l
< 100 < L S
| QY=
8= S= 10
Sl 10 ‘l: ()
=| 101¢ =
7’0‘ —O6— Expectation Theorem 3.1 _5 10-2] —O— Expectation Theorem 3.1
b —2 4 = . ,
b5 10 —6— Expectation Boullé and Townsend b5 —o— Expectation Boullé and Townsend
g 10-%] —{~ Probability Theorem 3.1 g 10-3 1 —T3— Probability Theorem 3.1
=] =]
= —X— Probability Boullé and Townsend = —X— Probability Boullé and Townsend
& g ] ! ! ] | T ] ! ! ! |
50 100 150 200 250 300 20 40 60 80 100
Target rank k Oversampling p = ¢ — k with k = 20
a Versus the target rank k. b Versus the oversampling p = ¢ — k.

Figure 4: Comparison of the bounds with [1] in the HighObs scenario.

4.2 Approximate subspace iteration

In this section, we consider Z = A€ in Algorithm 1 and we denote by C the covariance matrix of
Q which corresponds to K = ACA. Our objective is to illustrate how Algorithm 1 behaves when A
is replaced by an approximation of Ay in the power iteration. We note here that the power scheme
applied to square matrices has the form of

Z = A'G (15)
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where G is a matrix whose columns are independently sampled from a standard multivariate Gaussian
distribution. For our numerical experiments, we consider the following cases:

C =1, : This case corresponds to the exact power iteration with ¢ = 1 in Equation (15).

C = A? : This case corresponds to the exact power iteration with ¢ = 2 in Equation (15).

C = B : This case can be interpreted as an approximate power iteration with ¢ = 3/2, where AA'/?
is approximated by AL. Note that we assume R(L) =~ R(A,lg/z).

C = B? : This case can be interpreted as an approximate power iteration with ¢ = 2, where A? is
approximated by AB.

The first case will serve as a reference, while the second one will serve as an ideal case. For the last
two cases, we rely on the approximation that R(B) is an accurate approximation of R(LHJTRlejL).
Ideally, if B is an accurate enough approximation of A, and a fortiori of A, then the resulting low-
rank approximation error should be close to the one obtained with ¢ = 2 in (15). In theory, it may
even yield umproved performance since using A is sub-optimal compared to Ag.

Figure 5 presents the numerical results for different cases. A first important observation is that for
both scenarios, using L or B improves over the reference case C = I,,, implying that corresponding
covariance matrices are indeed carrying dominant eigeninformation of A. Then, one also observes that
applying Algorithm 1 with C = B? yields results very similar to C = A? and improved low-rank
approximation for k£ > 150. These results suggest to use an approximation to Ay instead of A.

Low0Obs scenario o HighObs scenario
— —
I 10° |
& )
< <
— 1071 =
N|= N =
Ni= NI=
A &R
I |=102 =
= =
T, 103y —e— C=1I, T
[ <
5 —— C=B 5
g 10t{ —B— C=B? e
k —— C = A (ref =
= = ref.) 2
& g0 ] ] | | | TS ] ] | | |
50 100 150 200 250 300 50 100 150 200 250 300
Target rank k Target rank k&
a LowObs: m = 200. b HighObs: m = 500.

Figure 5: Empirical low-rank approximation error with respect to the target rank k. The empirical data have been
computed with p = 10 and for different covariance matrices.

This is also what we observe when looking at the two parameters 74(K) and pi(K) shown in
Figures 6 and 7, respectively. Let us recall that 75, (K) measures the stability of R(Aj) under the
action of K and that R(Aj) = R(Si) for & < m in our case. From this, it is clear that 74 (K) is
zero for the first two cases and is thus not shown in Figure 6. For the remaining two cases, we note
that 71 (K) is relatively small compared to pi(K) except in the LowObs scenario when & > m. In this
situation, the equality R(Aj) = R(Sk) no longer holds, so the practical choice of using L or B = L?
instead of SkS—kr becomes less relevant. Nevertheless, this limitation should not have any practical
limitations since in concrete applications, the target rank k£ will be chosen much smaller than m the
number of observations. On the other side, p(K) is related to how the dominant eigenspectrum of K
approximates the one of A. Likewise, for 74 (K), we observe a significant increase after K = m in the
LowObs scenario. The explanation is similar, since after this point, the target low-rank approximation
A} contains m — k eigenmodes associated with the eigenvalue cluster at 1, while the chosen covariance
matrix is only meant to improve the approximation of the first m dominant eigenmodes.
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Figure 6: Parameter 7,(ACA) versus the target rank k for the different covariance matrices C under study.
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Figure 7: Parameter p;(ACA) versus the target rank k for the different covariance matrices C under study.

4.3 Using available approximations

In this section, we study the case where approximations \Afk and ﬁk of Vi and X respectively are
already available. The objective here is to analyze the low-rank approximation error when using a
covariance matrix of the specific form

Caop = aViEV] + 51, — Vi V]).

For this numerical experiment, the approximations are obtained by applying Algorithm 1 to A, with
K =AAT (C =1,) and for varying values of target rank k together with p = £ —k = 10. Information
on the quality of the resulting approximation is shown in Figure 5. We then use the resulting matrices
Vi and 2, to construct the matrix C..3. We study the following cases:

e Different scaling: a = 0.01, 1 and 100 for a fixed value 8 = 1. The scaling is expected to influence
the performance as it allows to weight differently R(\Afk) and its orthogonal complement.

e For o« = B = 1, we also consider the variant Cy, = L C;; L. Regarding the results from the
previous subsection, using L is expected to improve the performance.

e We also consider the case « = 1 and 5 = 0. As discussed in Section 3.1.3, this yields a deter-
ministic algorithm which simply reduces to perform a standard power iteration step on top of
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\A/'k. This choice will serve as a reference, and our objective is to study whether maintaining
randomization (i.e. § > 0) can yield better performance. This can be interpreted as the limit of
Ca,1 when o increases.

e Finally, we consider the case C = I,, corresponding to a single step of randomized power iteration.
This base case is here to illustrate how using existing information actually improves performance.

The obtained results for the empirical low-rank approximation error are presented in Figure 8 and
have been obtained from 20 independent applications of Algorithm 1.

Regardless of the scaling, for small values of k (roughly & < 100), the resulting low-rank approxi-
mation error is almost identical and also improves over the reference case. For larger k, it seems that
the larger « is, the better the performance is. This suggests that in this situation, the approximation
\A/'k used to construct the covariance matrix is accurate enough to be trusted. Nevertheless, there is a
trade-off to find since taking larger o would asymptotically yield the same results as Ci o (the refer-
ence case). Finally, the most noticeable case is Cr,, which outperforms the reference case by almost a
factor of 10 (given the target k remains small enough). As expected, using L allows us to improve the
performance because L also carries information. Of course, this also yields a more expensive algorithm
since it would require an application of L to a n x £ matrix, while the other scaled cases only involve
thin matrices.

Low0Obs scenario o HighObs scenario
i —
I |
= T
<| 1w =<
N SENS
i iz
= =] 10
= =)
5 1] T 5 10734
5 —— I, (base) —¢— Cp — 5 —— I, (base) —¢ C
2 0] —— Coo11 —A— Cigo1 L el = Cooa —A— Cygo1
% —— Cl.] — CLO (ref.) % —— Cl.l — CI,O (ref.)
& g | , , , , RS T ] ] ] ! ,
50 100 150 200 250 300 50 100 150 200 250 300
Target rank k Target rank k&
a LowObs: m = 200. b HighObs: m = 500.

Figure 8: Empirical low-rank approximation error with respect to the target rank k. The empirical data have been
computed with p = 10 and for different covariance matrices.

5 Conclusions

We have proposed a general theoretical framework for the analysis of the low-rank approximation
error where we have relaxed the assumptions on the covariance matrix. The obtained bounds, in
expectation and in probability, have clear interpretations. We have illustrated the generality of our
result by applying Theorem 3.1 to two known algorithms, and the obtained bounds have comparable
accuracy as the ones derived on purpose in the literature. Finally, we have illustrated our result on
a data assimilation problem. First, we have studied the accuracy of the bounds. Then, we have
proposed numerical experiments in two different situations, using either an approximation of A or an
available approximation of V. In both cases, we have identified covariance matrices that enable us
to improve the overall performance. This highlights that using the structure of the problem to design
the covariance matrix does improve the performance of randomized low-rank approximation methods.
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A Proof of Theorem 3.1

In this appendix, we prove Theorem 3.1. We begin with a lemma which is a generalization of the
analysis in terms of principal angles proposed in [24].

Lemma A.1. Let A € R™*" be an arbitrary matrix and Z € R™** a full column rank matrix such
that ¢ < rank(A). Let us denote Zj, = U} Z € R¥** and Z;, = ﬁZZ € R(n=k)xt,

FOr any integer k S E, lf rank(Zk) = k7 then one haS
U/ L, — n(Z)|Ux < T[Ty, 6)
where T}, = Zkzl c R(n—k)xk_

Proof. By assumption, Z; has full row rank and thus has a right multiplicative inverse ZL. Hence
Y. = ZZL satisfies the two relations

U/Y, =1, and U,Y;=Ts.

Moreover, we have R(Yr) C R(Z) which implies that I, — 7(Z) < I, — n(Y}) according to [14,
Proposition 8.5]. By using the conjugation rule (6) and the identity UkU; + ﬁkﬁz =1,,, we obtain

U/ L, — 7(Z)]U}, < UJ [L, — 7(Y)]Us = U; (In - Yk(Y,IYk)—lY,j) U,
=1, - Ul Y (YY) LY U,
=T, — (Y)Y,

I -1
1, — (Y;(UkU; + 7,0, )Yk) ,

-1
=1Ir — (Ik + T;—Tk) )
-1

=T (L + TWT]) Ty,
where the last equality is obtained using the Sherman-Morrison formula (8). To conclude, we observe
that (L,—x + TkaT)_1 < I, j, which implies, using the conjugation rule (6), that

T (L + TpT7) Ty < T Tx. 0

Remark. Let 61,...,0; denote the principal angles between R(Uy) and R(Z), and 51, e 7§k the
ones between R(Uy) and R(Y}). The statement of Lemma A.1 can be geometrically rephrased as

~ t 52 2 ~
sin(@i)2 < sin(@i)2 = Ll < tan(é)i)z, 1<i<k.
1+ tan(6;)?
Less formally, the forthcoming analysis is based on how close R(Uy) and R(Y}) are, while the truly
computed error rather concerns how close R(Z) is from R(Uy). Since the latter is of dimension ¢,

while R(Y%) is of dimension k, the looseness of the derived bounds will increase with £.

The next result is a deterministic bound for the low-rank approximation error which generalizes [14,
Proposition 9.6].

Proposition A.2 (Deterministic analysis). Let A € R™*"™ be an arbitrary matrix and Z € R"*¢ a
full column rank matrix such that ¢ < rank(A). Let us further denote Z; = UJZ € R¥** and

Zy =0, Z € RO-P)xC,

For any integer k < ¢, if rank(Zj) = k, then one has

2 12 _ 2
i = A, <[5 i
F F F
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Proof. By definition of the Frobenius norm, one has

L, — =(Z)A% = tr ([In — m(Z)]AAT[L, — W(Z)]) :

tr (L = 7(2)][ARA] + BeAL L, — (2)]),

tr ([In —m(Z)|AsA[ [T, — W(Z)])
+tr ([, — 7(2)]ALA, [T, — 7(2)])

= L. — w2 AL+ L~ w2

Using the unitary invariance of the Frobenius norm along with the fact that I, — 7(Z) < I,, one

2 e 12
readily gets H I, — W(Z)]AkH < HEkH . For the remaining term, one has
F F

2
[T, — 7(Z)] A% = tr (ku,I[In - n(Z)}UkEk) .
Applying Lemma A.1 and conjugating by 3y (6) it yields
¥ Ul I, — 7(Z)|Up g < BT} T X

Using the monotonic property of the trace (7) ends the proof.

O

Remark. In the particular case where Z = A, we observe that Proposition A.2, up to different

notation conventions, generalizes [14, Proposition 9.6].

Proposition A.3 is the final and main result from which Theorem 3.1 can be deduced. It addresses

the stochastic analysis of a particular quantity that plays a central role in our proof.

Proposition A.3. Let A € R™*" be an arbitrary matrix, and Z € R™*¢ a matrix whose columns are
independently sampled from a multivariate Gaussian distribution with covariance matrix K € R™*™,

such that ¢ < min(rank(A), rank(K)). Let us further denote Z; = U}/ Z € R**¢ and Z; = ﬁzZ €

R(n—Fk)x£

For any integer k < ¢ — 2, if Ky = UkTKUk is non-singular, one has

2 2 2y —1
5 . 2 1 1 tr(ZkKk )
E {szzkz,cHF} — [tan(Uy, KU, +H[Im - rKIU K| TR

Moreover, if k < £ — 4, then for all u,t > 1 one has

szz;zkHF < |[tan(Uy, KUL) S|, + v3ut -H[Im ~a(KPUy)K?

holds with probability at least 1 — e~ /2 _p=(t=k),
Proof.

Expectation. Using the theorem of total expectation one has

_ 2
3|tz -3

_ 2
E {HZkZLEkHF | zkH .

(2K )
F (—k—-1"
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We consider the following partitioning

=17 — K K|
UKU= U [T KU T = | 0F 12
k| Uk k| Uk K., K,
In the inner expectation, ZL is a fixed matrix, but unlike the standard result in [14], Zj and Z,, are
not statistically independent. This implies that conditioned by Zjg, the columns of Zj; no longer follow
a standard multivariate Gaussian distribution. Instead, if [Z;](;) denotes the i-th column of Zj, then
the i-th column of Zj, follows a multivariate Gaussian distribution with mean term

pi =Ko oK 2k Gy,

and covariance matrix
35 —1yeT
K/K, =K;, — K, 1K, Kl’k.

Consequently, if one defines g = [p1, . .., pe], one can write Zy = p + (K/K})? G where the columns
of G € R("=F)*t are sampled from a standard Gaussian distribution. Thus, conditioned by Zj, one has

_ 2 2
szz;zkHF - [u n (K/Kk)%G} 74BN

F

2
—||pzis) + (K/Kk)%GszkHF

s |I? Lazts ||
= w2z, + o/t ezl
+2tr (zk[zL]TuT(K/Kk)%GzLEk) .

The linearity of the expectation allows us to deal with each term separately. Conditioned by Zj, the
first one is a non-random constant, and the second term can be handled using [14, Proposition 10.1]
since G has a standard multivariate Gaussian distribution. Concerning the third term, the linearity
of the expectation conditioned by Zj yields

E {tr (Bh1Z]) T (K/K) G2, | zk]
= tr (zk[zL]TuT(K/Kk)%E (G| Z] szk) —o.
Altogether, one has

et
F

_ 2 2 2
e [[Beets 1] <tz + oo

2 2 2
=[siirme] oot [z

where the last equality follows from the simplification of Zj Z£ when substituting p by its expression.
Taking again the expectation yields

— 2 2 2 2
E{HZ,CZ,ZEICH }_HKMCK;:‘EkH +H(K/Kk)% 'E[HZLE’“H ]
F F F F

Since the columns of Zj are independently sampled from a multivariate Gaussian distribution with
zero mean and covariance matrix Ky, the matrix ZkZZ follows a Wishart distribution of the form

2

Wie(€, Ky,) [20, Definition 3.1.3]. In addition, HZLE;CH = tr(SH[Z])TZLS) = tr(ShZeZ] ]IS,
F

where the second equality holds with probability one since £ > k + 1. In fact, if Kj is non-singular,
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the matrix ZxZ, is non-singular almost surely, see [20, Theorem 3.1.4]. In this case, according to [20,
Theorem 3.2.12] for ¢ > k + 1, one has

YK
E [zk[zkzgrlzk} =5E [[Zkzﬁfl} Xy, = ﬁ

Hence, by the linearity of the expectation, one gets

E “’ZL&HH =E {tr(zk[zkzg]flzk)} _ tr(EkK,fEk) _ t"(EiK;;l)

(—k—1 L—k—1"

which concludes the proof.

Probability. Let o : RH*¢ 4 R Y i—)‘ e+ (K/Kp) Y] z;zkHF. Using the reverse triangular
inequality, it holds for any Y1,Yy € R("=F)*€ that

[p(Y1) — ¢(Y2)

< H(K/Kk)% Y — Yo ZLEkHF

< | /K

o] I =l

where the last inequality follows from the submultiplicativity property. Thus, ¢ is at worst L-Lipschitz
with I = H(K/Kk)% Hz,ﬁzku . Applying [14, Proposition 10.3] then yields that if G € R("=k)x i
F F

a matrix whose columns are sampled from a standard Gaussian distribution, then ¥V« > 0 one has

P{¢(G) <E[p(G)] + Lu} >1—e /2

Hélder’s inequality yields E [ o(G) ] < (E [gp(G)z])%, and combining this fact with the result proved
right above and the properties of multivariate Gaussian distribution one has

(@] < (=[|Baim 1))

204 2\ 3
[zi=d),)

zsz.
o7,

2
- (s o

S

Altogether, this implies that

P {szzgzkHF <[KiakE 4w || o/K

F T H F >1—e /2 17
Let us now consider, for t > 1, the event

(K

= 1 < .
Et HZ’CE’“HF < V3t (—k+1

Applying [1, Lemma 8] yields for all ¢ > 1 that
P{EC} <7D,

where EC denotes the complement of the event set E;. Now, by denoting Ez, the event considered
n (17), the law of total probabilities reads

P{Ez.} =P{Ez, | B} P{E:} +P{Fz, | Bf P {EF],
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Since one trivially has P{E;} <1 and P{Eg, | Ef} <1, one gets
1—e /2 <P{Ez} <P{Eg | B} +t P,

or equivalently, 2
P{Bgz, | B} >1—e/2 — =),

which ends the proof for the bound in probability.

Rearranging the terms. It remains to transform the terms to get more interpretable bounds. Since
by definition {Uk | ﬁk} is orthogonal, and Z is full column rank, then using (9), one readily has

K, ,K;! = U, KU, (U KU,)"! = tan(Uy, KUy).
Then, using classical algebraic manipulations, one gets

2 - _ _ _
H(K/Kk)% = (U/KU, - U, KUK, 'U[ KUy )

—tr (UZ [K - KUkK,;lugK} Uk)

—tr (UkU,I K- KUkK,;IUkTK]>

ot ([In — U, U] [K - KUkK,;lugKD

~ tr (K~ KUK 'UK) —tr (Ukug K- KUkKklugKD |

The second term is trivially equal to 0, which finally yields

2
H(K/Kk)% = (K - KUkK,;lUZK)

= tr (K% L - KIUK; U K| K%>

—tr <K% {Im - W(K%Uk)} K%)

2

- H[Im — (K3U,) K> 0

.
We are now ready to prove Theorem 3.1. Similarly to the proof of Proposition A.3, we prove the

result in expectation and in probability, separately.

Proof of Theorem 3.1: Bound in expectation If Z € R™*¢ is a matrix whose columns are indepen-
dently sampled from a multivariate Gaussian distribution with covariance matrix K € R™*™_ then
U;Z has full row rank with probability 1. Hence, since the expectation is monotonic and linear, taking
the expectation over Z in Proposition A.2 yields

2 _ 112 _ 2
e - wanal ] <[5, s [zzis ]|
F F F

Applying Proposition A.3 yields

2 (22K 1)
F l—k-1

_ 2
E U(zkz,ﬂzkHF] = |[tan(Uy, KU =4[ +H[Im — (KPUR)K?

_ <Tk<K>2+;_kffl)\\zkuj,
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so that we obtain

e[| - r@]af} ] < (1 oor s 2595 8

Using Hélder’s inequality, that is E[|X|*] < E[|X|]2 for any random variable X, concludes the proof.

Proof of Theorem 3.1: Bound in probability Since va + b < \/a++/b for any a,b > 0, Proposition A.2
implies that

IR I L e (R

Applying Lemma A.3 on the second term of the right-hand side concludes the proof.
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