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Abstract : The solution of a graphon mean field game (GMFQG) is characterized by a Hamilton-
Jacobi-Bellman (HJB) equation and a Fokker-Planck-Kolmogorov (FPK) equation linked together via
a graphon coupling function. We analyze the classical solution of the GMFG equation system on
Holder spaces. We study the best response control problem and specify the operator that regenerates
the graphon coupling function. This operator is shown to be a Lipschitz mapping and is contractive
under some conditions, which leads to the existence and uniqueness of the solution of the GMFG
equation system.

Résumé : La solution de I’équation du jeu de champ moyen du graphon (GMFG) est caractérisée
par une équation HJB et une équation FPK couplées via un champ moyen de graphon. Une analyse
de la solution classique du systeme d’équations GMFG sur des espaces Holder sont prévus. Dans ce
cadre, une solution au probleme de controle de la meilleure réponse est dérivée, donnant un opérateur
qui régénere le terme de champ moyen du graphon. Cet opérateur se révele étre une application
Lipschitzienne contractive dans des conditions spécifiées qui donnent par conséquent l’existence et
I'unicité de la solution du systéme d’équations GMFG.

Mots clés: Grands réseaux, jeux de champ moyen
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1 Introduction and the infinite population model

Graphon mean field games provide a significant generalization of the standard mean field game frame-
work [15, 19] by incorporating heterogeneity of spatially distributed agents. General nonlinear GMFG
models have been introduced in the previous work [5]. For further references, see [3, 13].

Consider the state equation of a representative agent at node « (to be called the a-agent):
dX? = [a(X?) 4 buy + (X&) 2% (t)]dt + V2dWE, (1)

where X;* € R is the state, u; € R the control, and W € R a standard Brownian motion. The initial
state X§ has probability density function p*(z). The control gain b is nonzero. For simplicity, we
consider a scalar state X;*, and will discuss later the extension to the vector state case. The graphon
network coupling term is given by

29 (t) = / / 9(a B)x (@) (t, ) dp, 2)

where g : [0,1]2 — [0,1] is the graphon function, and u”(t,dz) the distribution of Xtﬂ . The averaging
in the right hand side of (2) is based on a function x of the state. In the subsequent analysis, z as a
function of (¢, «) will be called the graphon coupling function. The cost of the a-agent is

Jo = E/OT {L(t,Xﬁ, 2(t)) + ruf} dt, (3)

where the control penalty parameter » > 0 is a constant.

The above graphon interaction model may be interpreted according to the limit of a finite population
of agents distributed over dense networks. Consider a network of vertices {1/N,---, (N —1)/N,1}.
The agent at node /N has the state process

dX} = [a(X}) + bul + (X)) 2N (0)]dt + V2dW}, 1<i<N,

Ny

where the coupling term 2" is given by

. 1 X .
ZNt) = NZQQ{X(X](”)'

Similarly, an individual cost can be specified using L(t, X}, 2™%(t)). The N x N dimensional matrix
gV = (gg)léi,jéN is symmetric with gf}[ € [0,1], and is interpreted as the adjacency matrix of an
undirected graph. The matrix g% may be represented as a step function defined on the unit square
[0,1]2. Suppose when N — oo, the sequence of step functions converges in a suitable sense to the
graphon g while i/N approaches a € [0,1]. Subsequently, z'i(¢) is further approximated by 2%(t)
in (2). Accordingly, X} is approximated by X which is labelled by « taken from the continuum [0, 1]

as the vertex set.

Our previous work [5] introduces a general nonlinear GMFG model with control taking its value
from a compact set, and the existence and uniqueness of a solution is established if certain parameters
fulfill a contraction condition when the graphon weighted mean field term is iterated. It further
establishes an e-Nash equilibrium property for the resulting decentralized strategies applied by a large
but finite population. For a GMFG model with affine dynamics, the existence and uniqueness of a
solution is established in [3] for the graphon coupled HIJB-FPK equation system by extending the
Schauder fixed point method with symmetric players in [8]. More recently, ref. [13] analyzes a linear-
quadratic GMFG and develops subspace-based numerical computation techniques. The reader may
refer to [2] for the analysis of stochastic mean field dynamics with graphon coupling, [9, 22] for static
graphon games, [17] for general dynamic games with agents distributed over sparse networks, [6, 7, 11]



Les Cahiers du GERAD G-2024-61 2

for extension of graphon mean field game modeling to sparse networks, and [23] for learning algorithms
in graphon mean field games.

Note that the contraction condition in [5] is generally difficult to verify while [3] requires the state
to be from a torus. In this paper we allow the state lying in a Euclidean space. By considering
nonlinear state dynamics and linear control with quadratic penalty, we will be able to exploit the
analytical property of the operator governing the mean field iterations. More specifically, we will prove
a Lipschitz property of such a mapping, which so far has not been well explored in the literature.
In our current setup, we may identify nontrivial models to verify the contraction condition and get
existence and uniqueness without the monotonicity condition for MFGs [8] and GMFGs [3].

1.1 The best response control problem

Let z(-) be fixed. The a-agent solves its best response control problem with dynamics and cost given
by (1) and (3). Let V(¢,x) denote the value function of the a-agent. The HJB equation takes the
form:

0=V, () + Vi, + min {V2[ale) + bu + e(a)=" (0] + ru? | (4)
+ L(t, z, 2%(t)),
where V*(T,z) = 0. The minimizer is @ = —bV,*/(2r). Denote

b2

bp = —.
07 4

Equation (4) is written as

{0 = VP + V& + Vea(z) + e(a)z(t)] — bo (V) + L(t,z, 2(1)),

Ve(T, z) = 0.
Given the control law v = —bV,%/(2r), we have the closed-loop state process
dX7 = [a(X) = 2bgVE(t, X&) + (X)) 2 (8)]dt + V2dWE. (6)

Let m®(t,x) denote the probability density of X{. The FPK equation of m® is given by

(7)

{mg — m2, — O, {m® (¢, )[a(x) — 26V (t, x) + c(z)2*(t)]},
m*(0,z) = p*(x).

In the derivation of the above HJB equation and FPK equation, we have assumed that z® is given.
To find a solution to the GMFG, we need to determine z® by imposing condition (2).

1.2 The GMFG equation system
The solution of the GMFG is described by the equation system:

0=V + V2, + Vida(e) + c(2)2%(8)] = bo(V¥)? + L(t, 2, 2°(1)), (8)
my =mg, — 81{m°‘(t, x)[a(z) — 200V, X (¢, x) + c(m)za(t)]}, (9)

where V*(T,z) = 0 and m®(0,z) = p*(x), a € [0, 1] and

1
22 (t) = / / o(a, B)x(@)mP (t, z)dwd§. (10)
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We call (10) the consistency condition, where the right hand side is interpreted as the graphon weighted
nonlinear average of the states of all agents distributed over the network.

Our existence analysis will employ a fixed point argument. We regard z%(t) as a continuous
function of two variables (t,«) € [0,T] x [0, 1], and call it the graphon coupling function. Given z
from a suitably selected set Z (to be specified subsequently), for each «, we solve Equation (5) and
determine the feedback control law @ for the a-agent. Next, we obtain m® from the FPK Equation (7).
Finally, we determine z; € Z by the rule:

1
40 = [ [ gtaBxm’ (t.a)deds, v (0.1 ()
o Jr
which is equivalently written using an operator @:
z1 = Pz.

Note that the right hand side of (11) depends on z, which has been used to determine (V*)g<q<1 and
subsequently (m”(t,z))o<s<1. So the GMFG solution is formulated as solving the fixed point problem

2=z, z€2Z.

We make the following assumptions:

(Al) The functions a(x), a,(x), ¢(x), and ¢, (x) are bounded continuous functions, and a,, ¢, are both
in the Hélder space C7(R) with Holder exponent v € (0,1).

(A2) L is nonnegative, bounded and continuous in (¢,x,z) € [0,7] x R?, and

sup L(t,z, z) < L.

t,x,z

The partial derivatives L;, Ly, L,,L,;,L,.,L,, exist and are bounded and continuous on
[0, 7] x R2.

(A3) The initial probability density function p®(z) is continuous in (a,z) € [0,1] x R and p*(-) €
C?*T(R).

(A4) x is bounded, Lipschitz continuous (with Lipschitz constant Lip(x)), and

/ Ix(z)|dx =: Cy < c0.
R
(A5) g : [0,1]> — [0,1] is a measurable function, and g maps C([0,1]) to C([0,1]), i.e., given h €
C([0,T7), the mapping

1

ars [ gapn(E)8, acl0.1)
0
is a continuous function defined on [0, 1].

In the above, we use C([0,T]) to denote the set of R-valued continuous functions defined on [0, T].
The Hélder spaces C7(R) and C%+7(R) are defined below.

1.3 Notation

If the function h(x) is defined on a set @ C R", we denote the norm |h|o,q = sup,cq |9(z)| and the
Holder semi-norm [h].q = sup,, . [h(z) — h(z')|/|z — 2'|7 for v € (0,1). If f(,x) is defined on the set
Qr =1[0,T] x @, define the Hélder semi-norms (see [16])

|f(t,$) - f(87y)|
[fly/2v:00 = sup ,
1T T o ewrear (E— s[2 4 [z — y)
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and
[ﬂl—&-w/?@-&-%QT = [ft]"f/QmQT + Z[ffﬂj]v/lv;QT'
4,J
Denote the Holder norms
|h|7;Q :|h|0;Q + [h’]’Y;Q7
|fly2ver =Ifloer + [flh2v0r
|flita/2.2490r =Iflo@r + [filoor + D | fa

0;Qr
+ Z |f9c,9c, |0;QT + [f]1+"//2;2+’Y§QT'
4,J

The subscript @ or @Qr in the norm/semi-norm may be omitted if it is clear from the context. The
Holder space C?/%7(Qr) (resp., C*T7/22+7(Qr)) consists of all functions with |f|, /2.0, < 0o (resp.,
| fl14+/2,247:07 < 00). The Holder space C?*7(Q) is similarly defined with the norm |hlaty,o =
|flosg + 220 | failosq + 2205 [ faiasloio + 224 j [ faia;]vi@- We will solve the HJB Equation (5) and the
FPK Equation (7) in the Holder space C1*7/2:2+7([0,T] x R). We consider the case with = being a
scalar. The general case may be treated similarly.

2 The HIJB equation and FPK equation with a given 2
Consider the following parabolic equation
6tu(t7 (E) - Au(ta 1’) + <a’1(t7 'T)7 azu(tu (E)> + aO(ta l‘)u(t, (E) = f(t7 LL'), (12)

where A is the Laplacian operator, v(0,z) = ¢ (z), and t € [0,T], x € R™. The function a; is R™-valued
with its k-th component denoted by aq k.

Theorem 1. ([18, 21]) Suppose ai i, a0, f € C/27([0,T] x R™), and ¢ € C*tY(R™). Then Equa-
tion (12) has a unique solution u from the class C*+7/22+7([0, T] x R™) and for some constant Ko,

[ul11+ /2,244 < Ko(|fly/2,y + |[¥]24+)- (13)

Remark 1. When the coefficients ay and a; are allowed to change within two given sets, the constant
Kj can be selected depending only on the upper bound of the Holder norms of ay and a;.

2.1 The Hopf-Cole transformation

Fix « and consider z*(:) as a Holder continuous function of ¢t € [0,7]. We apply the Hopf-Cole
transformation w = e~%V" with by = b%/(4r) and rewrite Equation (5) in the following form:

0 =wi + Wyy + wyla(x) + c(z)2% ()] — bowL(t, z, 2%(¢)), (t,x) € (0,T) x R, (14)

where w(T, z) = 1.

Theorem 2. Suppose that Assumptions (A1)-(A2) hold with a, c, € C?(R), and that z* € CV/2([0,T])
is given. Then the following holds: (i) Equation (14) has a unique solution w in the class
C'/2247([0, T] x R) and moreover e~bokoT <oy < 1; (ii) Equation (5) has a unique solution V* in
the class C1T7/2:2+7([0,T] x R).

Proof. Under Assumption (A1), a(z) + c(z)2*(t) and L(t,z, 2%(t)) are both in C?/27([0,T] x R). By
Theorem 1 we obtain a unique solution w for (14) from the class C1+7/22+7([0, T] x R). Moreover, by
the maximum principle of the Cauchy problem [18, Chapter II, Theorem 2.5], we can show

|w(t,z)| < sup |w(T,z)| =1, Vit € [0,T],z € R. (15)
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Note that Equation (14) alone does not immediately yield the property w > 0, which is needed for using
the transformation V* = —by ! Inw to determine a solution of (5). Below we will develop an iterative
procedure to construct a solution for Equation (5). The idea is to repeatedly raise a conservative lower
bound of w so that the magnitude of the lower bound is maintained.

Step 1. By Theorem 1, for some fixed constant Cj, we have
[wli4y/2,244 < Colw(T, ) |24y = Co. (16)

Take some fixed 79 < T such that

efboLoT

- >0y +1. 17
o~ 0 a7)

We claim that w(t,z) > $e~%LoT holds for all t € [T — no,T] and = € R. Otherwise, by using
the terminal condition at 7" and by the mean value theorem, there would exist at least one point
(to, o) with tg € [T — ng, T] such that |w(to,x0)| > Co + 1, which contradicts (16).

Now on [T — 1o, T] x R, we take V*(t,x) = —by " Inw(t,z). Accordingly, with t > T — 19, we get
boundedness of V<, V,*, V¥ and V.2 on [T — 1y, T] x R.

Step 2. Given the boundedness of V and of its derivatives on [T — 79, T] X R, we may interpret
V< as the value function of an optimal control problem (see e.g. [12, Chapter VI]) that has
dynamics (1) and cost (3) redefined on time horizon [T — 1y, T]. Hence 0 < V(t,x) < LT for
t € [T —no,T]. (We do not attempt to make the upper bound tight.) Subsequently, we have the
updated estimate e~k < q(t,2) < 1fort € [T —no,T], x € R.

Step 3. Consider [T—2n,, T]. We similarly have fe~vLoT < w(T—t,z) < 1for allt € [T—2ny, T—1p).
Then by relating to an optimal control problem on [T — 279, T] as in step 2, we show w(t,z) >
e~WTLo for t € [T — 2ny, T — no]. After a finite number of iterations, we can cover the whole
interval [0, T'], where the last step treats an interval of the form [0, 7 —kno] with 0 < T'—kno < no.
Finally, we conclude that e=%LoT < (¢, 2) < 1 for all t € [0,7] and = € R. This accordingly
determines a solution V* = —by ' Inw for (5) on [0,7] x R. The solution V' from the class
C'+7/2247([0, T] x R) is unique by the uniqueness result of w. O

Remark 2. If the model has a vector state X;* € R", and u; is R"*-valued, the Hopf-Cole transformation
still works as long as we take the control as bu; with b € R, but will not work if b is replaced by a
general matrix B.

2.2 Solution of the FPK equation
Let V' be given by Theorem 2. We rewrite (7) in the form

my =mg, —mgla(z) = 200V (1, %) + ()27 (t)]

—m%0;[a(x) — 2bg VI (t, ) + c(x)z*(t)], (18)

which is a linear equation with coefficients in the Hélder space C7/27([0,T] x R). The following
proposition results from Theorem 1.

Proposition 1. Under Assumptions (A1), (A2) and (A3), for Equation (7) there exists a unique
solution m® from the class C'+7/22+7([0,T] x R). O

2.3 A priori gradient estimate in (5)

Although Theorem 2 shows that |V,¢| is bounded, it does not give an explicit upper bound in terms
of parameters and bounds of known functions in (5). We will estimate the z-gradient of the value
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function using a comparison argument ([12, Appendix EJ, [8]). Let J*(t,z,u(-)) be the cost with
initial condition (¢,z) on [t,T] in place of (3). Denote

Vet z) = J(t, z,u”), Vet y) = J*(t,y,u?).

Here u”(s,w) := =V, (s, X&)/ (2r), s € [t, T), is the progressively measurable control process generated
by the closed-loop dynamics

dX7 =[a(X7) = 200V (s, XT) + e(X )2 (s)]ds + V2dW 521, (19)

where X = x. Without loss of generality, suppose V(t,2) < V4(t,y). Note that u”(s,w) is
suboptimal for the control problem with initial condition (¢,y). Then

Vet z) =Vt y)l < [J( @, u®) = Ity u”)]. (20)

Now we consider the two state processes

dXT = [a(X7?) + bu®(s,w) 4+ ¢(X?)2%(s)]ds + V2dWs,

S

dXY = [a(XY) + bu®(s,w) + c(XY)2(s)]ds + V2dWs,

S

where X7 = x and X/ = y and the same Brownian motion W; is used. Note that the GMFG
equation system will eventually be solved subject to condition (2). Here we consider a general function
2%(:) € C/2([0,T)) by merely requiring supy<,<7 |2*(t)| < |x|o, which is relaxed from (2). We use
Gronwall’s inequality to show o

X5 = XY < Crle —yl,

with C% = exp([|az|o+|czlo- [x]o]T). We further use (3) with initial time ¢ and the Lipschitz continuity
of L to get the bound

[t @, u®) = Tt y, u”)| < Lip, (L)CTT |z — yl, (21)
where Lip, (L) := sup, , , [L.(t, ,2)|. Therefore, it follows from (20) and (21) that
Ve < Lip (L)CHT = €.

Remark 3. 1f b depends on z, the above method of gradient estimates does not work.

Remark 4. The bound of the gradient does not depend on r.

2.4 Selection of the set Z
We need to specify a set Z for z. Recall that we have
dX{ =[a(X() — 26V (t, XP) + c(X ) 2% (t))dt + V2dWE, 0<t<T.
By Assumption (A4), we have
Ex(X)] < [xlo-

Now we consider z satisfying sup, , |2*(t)| < [xo. Since

t
B|X® — X°| :E/ (X2 — 2V (7, X) + (X %) () |dr
S

+V2E|WE - W2,
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it follows that
EIx(X) — x(X2)| < Lip() BIX§ — X2
< Lip(0)[C3lt — 5| + V2[t — 5"/,
where C3 = |alo + 2boC5 + |c|o - |x|o, for all a € [0,1].
We take v € (0,1) as in Assumption (Al). Then

EIx(Xy) — x(X$)]
ETRE

< Lip(x)(C5T' /2 4 21(=7/2) = 3. (22)
Define

1
22(t) = / g(c, B)Ex(XL)dp.

By (22), we have

29(0) — ()] = | / DIEX(X]) — Ex(X0)|dB
< Cilt — 5|v/2.
We need to choose Z to ensure that z; remains in Z.

Now we are ready to specify the following set Z consisting of all z satisfying the two conditions:
(i) z a continuous function of (¢, ) defined on [0, x [0, 1]; (ii)

220 < Ixlo,  [2%(t) = 2%(s)] < G5t = s|"/2, VWt s €[0,T], a € [0,1]. (23)

In all subsequent analysis, we always consider Z satisfying the above conditions (i) and (ii).

3 The sensitivity analysis

Throughout this section we suppose that Assumptions (A1), (A2), (A3) and (A4) hold.

3.1 The HIB equation

For z,z € Z, let V* and Ve be solved from (5) using z* and 2%, respectively. Applying the Hopf-Cole

transformation

—boV ™ b= e bV

w=e , W ,

we derive two equations

0 = wi + Way + wya(x) + c(x)2%(t)] — bowL(t, x, 2%(t)),
0 = Wy + Wey + Wela(x) + c(x)29(t)] — bowL(t, x, 2%(t)),

where w(T, z) = w(T,0) =1
For fixed a, we view 2 and 2% as two functions in C7/2([0, T7).
Lemma 1. For some constant C;, we have
W =@ty /2.24m00 < CilZ" = 2%y /20,11

for all 2,z € Z, where Qr = [0,T] x R.
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Proof. We write
0 =1t + gy + Wzla(z) + c(x)z ( )] = bowL(t,x, 2%(t))
+ Wec(x)(2%(t) — 2%(t)) — bow[L(t, z, 2(t)) — L(t, z, 2%(t))).
Define ¢ = w — w. Then we have
0 =0t + bzz + ¢u [a(x) + c(x)za(t)] - bo(bL(t’ €, Za(t)) (24)
— Wac(@)(29(t) — 2%(1)) + bow[L(t, 2, 2%(t)) — L(t, x,2°(t))].
Denote
q(t,x) = =g (£, x)c(x) (2°(t) — 2°(1)),
q2(t7 ) - bo’LU(t)[L(t, Zz, 2a(t)) - L(t7 Zz, Za(t))]
Now (24) is rewritten as
0=0¢t + Gz + ¢u [a(x) + C(.C(:)Za(t)] - bo(bL(t, Z, Za(t» (25)
+ q1(ta ‘T) + q2(t7 I’),
where ¢(T,z) = 0.
We proceed to estimate the Holder norm of ¢; and ¢». We have
lg1(t, 2)| < |gclo - |12% — 2%o, Vi, x. (26)
Next we have (see e.g. [16])
[1]y /2 < [aclo - [2% = 2%y 2 +[2% = 2%0 - [0ac]y 2, (27)
By (26) and (27), it follows that
11y /27 = [02c(2 = 2%)y 2,4 < [aclyjay - |27 = 2% 2.
We continue to check g. Denote
L(t,x) = L(t,z, 2%(t)) — L(t, z, 2%(t)).
Then we have
|L(t,2)| < |La(t,2,2)] - |2°(t) — z*(8)], (28)
where Z is some point between £%(t) and z(t). We have
lq2(t, 2)| < boldb(2)| - |L(t, x, 2)] - [2(2) — 2°(2)],
so that
|2lo < boltblo - 2% = 2%o - sup |L:(t, 2, 2)]. (29)
We further have
(42} /2.4 < bo|Llo - [@], 2, + boldlo - [ L] /2,4 (30)

Next we estimate the Holder norm of L. We have

|L(t1,@1) — L(ta, x2)| < |L(t1,@1) — L(t2,21) + L(t2,21) — L(t2, 22)|.
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By Corollary 2, for fixed x1, we have

|L(t1, 1) — L(ta, 1)

PR < [L(,21)]y2 < C1l2% = 2%, 2, Vi, z € Z. (31)

The above estimate has used the bounds in (23) for 2,z € Z and the local L1psch1tz property of
the Nemytskij operator L(t,z,-) acting on z%(:) € C7/2([O T]). The constant Cy depends only on
Ixlo, T,sup, . (| L¢| + L. +|L2¢| +|L.-|) (see the selection of the parameters kq, ky, k" in Corollary 2).
Next we have

L(t, 1) — L(t,z0) = L(t, 1, 2%(t)) — L(t,z1, 2%(t)) — L(t, 22, 2%(t)) + L(t, 2, 2°(t))
IA/(t X1, X9, 2%(t)) — (t X1, T2, 2%(t))

La(t 1,22, 2)(27() — 2°(1))
= [Lz(t, 21, 2) — Lz (t, 29, 2))(27(2) — 2%(1))

where f/(t,l'l,l'% z) == L(t,x1,2) — L(t, 22, 2). Hence we have

L(t,z1) — L(t
LG @) = L)l i ) Sup(2ILs (1, P R FL i (32)
|£l71 _-T2|7 t,x,z

Subsequently, by (28), (31) and (32), for some constant 6’2, we have
Ll /2.4 < Cal 2% — 2], o (33)
Finally, by (29) and (33) we conclude
lg2] /2,4 < a3|5OZ — 2% /2, Vz,5 € Z.

The constant Cs depends only on Ixlo, T, 7, 8up; (| Lt| 4 |Lz| + |Lzt| + |Lzz| + |Lzz|). The lemma
then follows from an application of Theorem 1. O

3.2 The FPK equation

For comparing two solutions, we take Z € Z and introduce another equation

me(t, ) =mS, (t, ) — mSla(x) — 20V (t, ) + c(x)2%(t)] (34)
— 28, [a(z) — 2oV (L, ) + c(x) 2% (t)],
where m®(0,z) = p®(x). By Proposition 1, there is a unique solution m®.
Lemma 2. There exists a constant C¥ such that for all z,2 € Z, we have
[m® — ma|1+')’/272+7§QT < G5l - 2a|v/2;[07T]'
Proof. Denote ¢ = m® —m“. Then we have
Op(t, x) =0pa® — 0:¢ - [a(w) — 260V, (t, @) + c(2) 2% (1)]
— ¢ - Opla(z) — 200V X (t, ) + c(x)2%(1)]
. 35
s o (V2 — V) — o) (°(0) — (1) &

i Oy 260 (Vi = Vi) = e2) (22 (t) — 2°(1))],
where ¢(0,2) = 0. Denote

k1(t,x) = a(z) — 260V 4 c(x)2%(t),



Les Cahiers du GERAD G-2024-61 10

ka(t, ) = Og[a(x) — 200V, (t, x) + c(x)27 (1)),
ra(t,x) = 1y - [2b0 (Vi = Vi) — el)(
ra(t,x) =1 9 [2bo (Vi = Vi) — () (2
We first have
["Ql (ta m)]'y/2,'y > [ ] + 2bO[V ]’y/2 v + [Cza]'y/2,v'
We further use the interpolation inequality in [16] to estimate [V], /2, and get
|’il|'y/27'y < |a|7 + 2C4b0|va|1+’y/272+7 + |C|v|za|v/2‘

We note that the constant Cy above depends on T but not on (a(+),b,¢(+), L(-)) in the model of the
GMFG. It gets larger when T becomes smaller. We write

Ko = az(x) — 2bg Vo + cu () 2% (2).

Then
Ka(t, 2)| < |ag(x)] + 2bo| V| + [ea ()] - [27(D)]-

Next we have
[K2ly /2.4 < laz)y + 200[Vigly 2y + [c22®] /2,4
Now it follows that

K2l /2,y <@l + 2b0|V ¥ 11y /2,240 + lel1gy - [29]52-

We have
|3 (t, )] < i (8, 2)] - (260 Vi = V| + le(@)] - [2%(2) — 2*(2)]),
where we use the relation V* = —Inw® /by to get
Vi = V21 < Cs(jw(t, ) = d(t, )| + [y — )
< CsCil2% = 2% 2 vt € [0,T)], z € R,

by Lemma 1. Next we have

[‘%3]7/277 —|m3?|0 Qr -~ [Qbo(vwa - ‘A/xa) + C(éa - Za)]’Y/2a’Y§QT
+ [mx}’}’/27’)’§QT ‘2b0(vza - Vza) + C(éa - Za)|0;QT7
where we estimate
|an - Va:a|v/2,'y < 06(|w - w|7/2,’y + |wx - wﬂc|’y/2,’y) (36)

using Lemma 3 by writing V,, = G(w,w,). The form of G can be easily determined. The constant
Cj is determined only using the upper bound C,, for (Wl 2,4 and sup|y) y1<c,, ((Gal + |Gyl + |Gaz| +
|Gyy| +|Gayl) for G(x,y). By the interpolation inequality [16] and Lemma 1, we find an upper bound
for the right hand side of (36) in terms of [2% — 2|, /2, which further leads to the estimate

|"€3|’Y/27’Y < Cﬂia — Za|,y/2.

Finally, by writing V., in terms of (w,ws, w,,) and using Lemma 3 and the interpolation inequality,
we similarly get

|"<‘./4|'y/2,fy S 08‘206 - Za"y/Qa

for some constant @8. The lemma follows from applying Theorem 1 to (35). O



Les Cahiers du GERAD G-2024-61 11

4 Perturbation estimate of the graphon coupling function

Throughout this section we suppose that Assumptions (A1), (A2), (A3), (A4) and (A5) hold.

Given z € Z, we use Theorem 2 and Proposition 1 to determine (V¢, m®) in (5) and (7) for each
a € [0,1]. Define the new graphon coupling function

z3 () = / / o, B)x(z)m? (t, x)dzdp,

Since mf € C'*7/22+7([0,T] x R), 2§(t) is Holder continuous in t. For 2 € Z, we similarly obtain

me, 8 € [0,1] and denote
1
— [ [ st sy’ e aydzds,
0o Jr

By the interpolation inequality [16], there exists a constant Cy (which depends on (T, 7)) such that
for each f € C7/27(]0,T] x R) we have

[Flyarzer < Colflivy/2.20vQr Qr =[0,7] x R. (37)
We state the key result on Lipschitz continuity of the operator @.

Theorem 3. For all z,2 € Z, we have

sup |27 — 27|y /250,17 < (Co + 1)CyC\C5 sup |29 — 2%, 950,77
« «
where Cy = sup,, fol lg(cv, B)|dB and Cy = [ |x(z)|dx.

Proof. Denote

s __ & 10 SO (o3 LoNyed
Zy =27y — 27, me =m% —m".

|25 (t) — 27 ( [P (t,x) — 11 (s, 2))|
|t—8|7/2 / / | ‘ |'Y/2 dzdﬁ

< Cg/Rlx(x)ld%Sgp[mB]w/g

= CyCy Slép[mﬂ]%’ﬁ?' (38)

We have

On the other hand, it is easily seen that

|21 = ooy < CyCsup m?® — 0.

Now applying inequality (37) to 7, we have
(M) 5/2 < 69|ma\1+7/2,2+v;<2w Va € [0,1].
We conclude that
sup |20 = 271 /2:0,1) < (Co + 1)C,C, sup Im® — 1M1y /2,244 - (39)
By Lemma 2 and (39), we have
sgp |27 — 271 /250,11 < (59 +1)CyCC3 sgp |2% — 2% j2;00,17
which gives the required Lipschitz property of the operator @. O

If the coefficient (69 +1)C,C,C% is less than 1, we obtain a contraction, which implies the existence
and uniqueness of a solution to the GMFG equation system.
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Corollary 1. If (Cy + 1)C,C\CE < 1, the GMFG equation system (8)—(10) has a unique solution
(VY m®) <<t with V¥, m® € C'H7/2247([0,T] x R). O

Remark 5. If x is only bounded without the integrability property, the above estimate in (38) is not
valid.

Remark 6. If either |c|11~ + by (where |cl14+ = |c|o + |cz|o + [cz]y) or CyCy is sufficiently small, the
contraction condition in Corollary 1 is satisfied.

We illustrate how to construct a concrete model to verify the contraction condition in Corollary 1.
We start with any reference model (Miqf) consisting of

(a(x)7b7c(x)’97X(x)v L(~),T, T)

and determine the parameters (|x|o, C5) in (23). Now we specify Z with the two fixed parameters
(Ixlo, C3). We next construct a new model (Myew) by replacing (c(z),r) by (ec(x),r/e) with a small
positive number € while all other entries in model (M,ef) remain unchanged. We still use the same
set Z in model (Myew) for which we can make C} and C¢ sufficiently close to zero if € is sufficiently
close to zero. Thus the new model can verify the contraction condition with a small €, indicating weak
dynamical coupling and expensive control.

Appendix

For the reader’s convenience, we provide some standard materials on the Nemytskij operator. The
reader may see more systematic development of the subject in [1, 10, 14]. Consider two Hélder spaces
H) = C"([a,b]; R™) and HY = C"([a,b];R), where v € (0,1). For a function f : [a,b] x R™ — R, its
Nemytskij operator is defined by

(Fh)(t) = f(t h(1)), he H).

We summarize results on F as a mapping between Holder spaces. Following [14], we introduce the
following conditions for a function ¢:

Condition (A) — For each compact set S C R™, there exists a constant k4 := ka(¢,S) such that
lo(t,y) — o(s,y)| < kalt —s|7, Vi,s € a,b], Yy € S. (A1)

Condition (B) — For each compact set S C R”, there exists a constant kp := kp(¢,S) such that
|¢(t,y)—¢(s,z)| < kB(‘t_S|’Y+|y_Z|)a Vt,SE [avb]a Vy,zGS. (AQ)

Clearly, condition (B) for ¢ implies condition (A) for ¢.

Fix any constant ko > 0. Let B(0,kp) C R™ be the closed ball centered at the origin with radius
ko, and define

= t
Cf,ko agtgl}flia}:(lgko |fl( 71’)‘?

My, = (Z l?‘,ko,i)l/za lfkoi = kB(fa,; B(Ov ko)).
i=1

Theorem A.1. [14, Theorem 3] Suppose that f(t,x) satisfies condition (A), and each partial deriva-
tive fr,(t,x) satisfies condition (B). Then the operator ¥ is from H; to H{ and is locally Lipschitz
continuous, i.e., for any given constant ko and any hi, ha with ||hy|| gy < ko, we have

|Fhy — Fhollgz < Cfllh1 — hal

where

Cf = Cpy + My, (14 2ko).
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Ref. [14] proved the local Lipschitz property of the operator F. The constant C’g does not use
k4 in condition (A), which is only used to show that F maps h € H]) to the Holder space H;{. The
constant C({ here is determined by keeping track of the estimates in [14]. Specifically, we have

[Fhi(8) = Fhat)] < Cpaq sup hat) = b (1) (A.3)

Let d(t) = F(h1)(t) —F(h2)(t). Let [h], denote the Holder semi-norm of h € H;). Then by the method
in [14, p. 114],

|d(t) — d(s)| - |t = 5|77 <Cfpelh2 — huly (A.4)
+ My ko (1+ [ha]y + [R2]y) sup |ha(t) — ha(2)].
By (A.3) and (A.4), we have
[F(h1) = F(ho)lzr; < Criollha — hallay + Mk, (1 + 2ko) sup |ha(t) — ha(t)]
< [Crro + Mo (1+ 2ko)] - |1 — hallmy

for all hy, ho satisfying ||h;| g7 < ko. The last inequality shows the choice of C{ in Theorem A.1.

A.1 Application to the graphon model

Now consider the function L(t, z, z) defined on [0, T] xR xR. Suppose that for some constants k,, ks, k',
there hold the inequalities

|L(t,z,2z) — L(s,x, 2)| < kot — s|7/?,
|L2(t7x7 Zl) - LZ(Saa:v Z2)| < kb(‘t - S|FY/2 + |Z1 - Z2|)7
|L.(t,x,2)] <K, vt €10,7T),z, 2, 21, 22.

Denote Fh(t) = L(t,z, h(t)) for h € C7/2([0,T]), where z is regarded as a fixed value. The Holder
norm (resp., semi-norm) of A is simply written as |h|, /o (resp., [h],/2).

Corollary 2. Suppose hy,hy € C?/%([0,T)), and |hs|, o < ko. Then

|F(h1) — F(ha)ly /2 < [K + k(1 + 2ko)] - [h1 — hal,.

Proof. In analogue to (A.3), for fixed x, we have

|Fhy(t) — Fho(t)| < k" sup|ha(t) — ha(t)].

Let d(t) = F(h1)(t) — F(h2)(t). By the method in (A.4), we have
|d(t) = d(s)] - |t = 8|72 <K'[ha — a2
+ kp(1 + [haly /2 + [h2ly/2) sup |ha(t) — hai(t)].
Hence for fixed x, we have
[F(h1) — F(ha)lyj2 < K'|ha — halyja + k(1 + 2ko) Sup |ha(t) — ha(t)]
< [k 4 ko (14 2ko)] - |hy — haly/2

for all hy, ho satisfying |hs|, /2 < ko.
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A.2 Operator acting on functions of time and space

In the following we make an extension to vector-valued Hoélder continuous functions v defined on
[0,T] x R™. Let G : R* — R be a function with continuous partial derivatives G, (€), and Ge,¢, (§) for
1 <1i,j <k. Denote HY/?7 = C7/27([0,T] x R™; R¥) with v € (0,1).

Denote the operator
(Go)(t,) =G(u(t, 7)), ve H/2,

Lemma 3. The operator G maps HY/?7 to C7/27([0, T] x R™;R), and is locally Lipschitz continuous.

Proof. Take any positive constants C; and Cs. The Holder norm of h € HY/?7 will be simply written
as |h|y /2. Denote the set

Hey.oo = {v e HY?Y 1 o]y < O, [v]5/2,4 < Ca}.
Take v, € He,,c,. We have
|G (u(t, x)) = Gu(s,y))| < hilv(t,z) —v(s,y)].
where I} = max|¢|<c, |Ge(§)|. Next, we use the Holder seminorm of v to get
|G (o(t,2) = G(o(s,9)| < Llvly 2 (1t =812 + o = y])"
It follows that

(Gl < max [GE)]+hlvly/2q: (A.5)

So G is a mapping from H/?7 to C?/27([0,T] x R™; R).
We proceed to estimate the Holder norm of vy := Gv — Go. We have
[vilo < lifv — dlo.

We further write
vi(t, ) = (v(t,x) — ﬁ(t,w))/o Gy(0(t, ) + T[v(t, x) — 0(t, z)])dr,

1
vi(s,9) = (v(s,9) — 9(s,9)) / G (8(5, ) + Tlo(s, ) — 55, 9)])dr.
Now we have
v1(t, ) — v1(s,y)
1
= [U(tvx) - 6(t>x) - (’U(S,y) - @(s7y))}/0 Gy(@(t’x) + T['U(t,(ﬂ) - @(tvx)])d’r
(0(5.9) = 05:0) [ (G (000,0) + loft,2) — o0.)
— Gy (5(s,9) + Tlo(s,y) — (s, y))) }dr

Denote Ag,1 = maxjgj<c, (3_; ; [Gee, (€)[%)'/2. Hence we have

ot ) = v1(s,y)| < [ — 0], 25 lu([t = s/ + |z — y])"
+[v(s,y) —0(s,y)[Aaa
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- / [rlo(t,x) — (s, 9)| + (1 - )[o(t, z) — o5, 9)\dr

< o= 0]yl (Jt = sV? + |z —y])?
+ v = dloAg1Ca(lt — s|'/2 + |z — y|).

Therefore, we have

‘G’U — Gr’ﬁh/g,ﬁY < (ll + )\G7102)|U — ’l§|0 + ll[v — f}],y/g77
< (ll + )\G,ICZ)lv - @|7/2,'y'

This completes the proof. O
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